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POSITIVE ENERGY REPRESENTATIONS OF THE LOOP GROUPS OF 
NON SIMPLY CONNECTED LIE GROUPS 

VALERIO TOLEDANO LAREDO 

Abstract. We classify and construct all irreducible positive energy representations of 
the loop group of a compact, connected and simple Lie group and show that they admit 
an intertwining action of DifT(5^). 



1. Introduction 

Let K he a compact, connected and simple Lie group and LK = C°°{S^,K) its loop 
group. We shall be concerned with the study of positive energy representations of LK, i.e. 
projective unitary representations 

TT-.LK — > PU{n) = U{n)/T (1.1) 

extending to the semi-direct product LK xi Rot(5^) in such a way that Rot(5^) acts by 
non-negative characters only and with finite-dimensional eigenspaces. In other words, 

H = 0W(n) (1.2) 



n>0 



where H(n) = g 7Y|7r(i?e)^ = e™ C}j the subspace of energy n, supports a finite- 
dimensional projective representation of K. 

Positive energy representations are completely reducible and, when K is simply connected, 



have been classified by several authors [PS, Wa|. The irreducible ones are then uniquely 



determined by their level G N and lowest energy subspace ?i(0). The former classifies 
the corresponding central extension of LK or, equivalently, the cocycle associated to the 
infinitesimal representation of its Lie algebra. The latter is an irreducible X-module the 
highest weight A of which is bound by the requirement that 

(A,6')<^ (1.3) 

where d is the highest root of K and (•, •) is the basic inner product of K, i.e. the multiple 
of the Killing form such that (6*, Q) — 2. 

The aim of the present paper is to extend the above classification to the case of groups which 
are not simply connected. Write K = G/Z where G is the universal covering group of K and 
'Ki{K) = Z C Z{G). It will be more convenient to consider positive energy representations 
of the group of discontinuous loops 

LzG = {C e C°°(R, G)|C(a; + 2^)C(:e)-i G Z} (1.4) 

deferring to later the determination of those which factor through LK. 



Since LzG/LG = Z, these may be studied with Mackey's machine |Mal, Ma2|, paying 
however due care to the fact that the representations in question are genuinely projective 
and form a strict subclass of those of LzG. With these provisos, the analysis carries over 
essentially unchanged and is dealt with in the following sections. We summarise them below. 
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In section ||, we classify the central extensions of LzG and L{G/Z) by T. We show in 
particular the existence of an obstruction to the extension of the level £ central extension 
of LG to LzG. This appears only at odd I and for some G, the complete list of which is 
given in an appendix. It comprises SUn with n even. Thus, surprisingly perhaps, Lz^ SU2, 
and a fortiori LSO3 do not have any odd level positive energy representations. A further 
obstruction on the level appears when demanding that a given central extension of LzG 
descend to L{G/Z). I must then be a multiple of a given non-negative integer the basic 
level of G/Z, of which we compute the value for all simple groups. It is n for SU„ 

In section ^, we show that the category Vi of positive energy representations of LG at a given 
level I is closed under conjugation by elements of LzG and therefore that Z = LzG/LG 
acts on the positive energy dual of LG. We also compute the geometric counterpart of this 
action on the alcove of G which parametrises the irreducibles in Ve- Aside from rendering 
the action of Z more explicit, this shows that it operates by automorphisms of the extended 
Dynkin diagram of G. 

In section ^, we compute the Mackey obstruction for a subgroup Y C Z stabilising a given 
positive energy representation 7i of LG. This vanishes for most groups since Y is cyclic 
unless G/Y = PS04„ but, somewhat surprisingly, doesn't in the latter case. 

Section |^ contains our main results. We construct all irreducible positive energy represen- 
tations of LzG and show that they are classified by the central extension of LzG they 
induce and their isomorphism class as LG-modules. Moreover, we prove that they admit 
an intertwining action of Diff+(5'^) and identify it with the Segal-Sugawara representation 
obtained by regarding them as positive energy LG-modules. Finally, in section |^ we de- 
termine those representations which factor through L{G/Z), thereby obtaining all positive 
energy representations of the latter group. They are exactly those the level of which is a 
multiple of the basic level of G/Z. 



Remark. In physical terms, we classify in this paper all incquivalent quantisations of the chi- 
ral Wess-Zumino-Witten model with target group G/Z. Related results have been obtained 
in the non-chiral case by Gepner-Witten |GW| ], Felder-Gaw§dzki-Kupiainen JfGKiI , ^GK^ 
and Gaberdiel |Ga|. 
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Pierre et Marie Curie, within the Algebres d'Operateurs et Representations group. I wish 
to thank both institutions for their kind hospitality and pleasant working atmospheres. 



2. The coroot and coweight lattices of G 
We begin by gathering some elementary properties of the lattices canonically associated to 



G. The present discussion follows [G0|. Throughout this paper, G denotes a compact, 
connected and simply connected simple Lie group with Lie algebra g. Let T C G be a 
maximal torus with Lie algebra i C g. By the roots of G we shall always mean its infinites- 
imal roots, namely the set R of linear forms a G ii* — IIom(t, iM) such that the subspace 
fla = {a; £ Bel [^1 ^] — ci{h)x V/i e tc} is non-zero. Let A = {ai, . . . , «„} be a basis of R 
and 9 the corresponding highest root. The basic inner product (•, •), i.e. the unique multiple 
of the Killing form such that {6, 0) ~ 2, is positive definite on it and gives an identification 
it* = it of which we shall make implicit use. The coroots of G are the elements of it given 
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by = J^^- They form the dual root system i?^. 

The root and coroot lattices A^^ C it*, C it are the lattices spanned by R and i?^ 
respectively. They have Z~basis given by A and — {a( , ... , a^}. Since is a long root 
and there are at most two root lengths in R with the ratio of the squared length of a long 
root by that of a short one equal to 2 or 3, rewriting = j^^ct we see that A"^ C Ar. 

Notice that (a^ ,a^) — , , = 2 j^'^l so that AY, is an even, and therefore integral lattice. 
The weight and coweight lattices A^ C it*, A^ C it are the lattices dual to A'^ and A^ 
respectively. They have Z-basis given by the fundamental (co) weights A;, A,^ defined by 

(A„aJ> = (Ar,«,>=% (2.1) 

Clearly, A^ C Aw- Moreover, by the integrality properties of root systems, (a, /?^) G Z for 
any root a and coroot so that A^ C Aw and, dually, A^ C A^. Graphically, 



Afl 


c 


Aw 


U 




U 


Ah 


c 


A^w 



C it* 

(2.2) 

C it 

Let Z{G) be the centre of G and Z{G) = Hom(Z(G),T) its Pontryagin dual. The following 
is well-known 

Lemma 2.1. 

(i) The map e{h) = expji(— 27ri/i) induces an isomorphism AJ^/A)^ = Z{G). 

(ii) The pairing ii{exprp(^h)) = e^^'''^ induces an isomorphism Aw / An = Z{G). 

Remark. When G is simply-laced, i.e. with all roots of equal length, the basic inner prod- 
uct identifies roots and coroots and the vertical inclusions in ( ^.2[) are equalities. Moreover, 



lemma 2.1 yields a canonical isomorphism Z{G) = Z{G). 



The Weyl group of G is the finite group generated in End(it* ) by the orthogonal reflections 
(Tq corresponding to the roots a ^ R. Since 

CaifJ-) = M ^ 2^ — \a = II — {fi, a^)a = — {^i, a)a^ (2.3) 
[a, a) 

the action of W preserves A^-cosets in A^ and Afl-cosets in A^. Call E Aw (resp. 
H € Aj^) minimal if it is of minimal length in its A^j (resp. A)^)-coset. The following gives 
a characterisation of minimal (co) weights. 

Proposition 2.2. There is, in each A^ / A'^-coset (resp. Aw / Aj^-coset) a unique W -orbit 
of elements of minimal length. These may equivalently be characterised as those A such that 

(A, a) e {0,±1} (resp. {X,a'') G {0,±1}; (2.4) 

for any root a (resp. coroot a"^ ). 

Proof. It is sufficient to consider the case of A^/A)!j. since Aji,Aw are the coroot and 
coweight lattices of the dual root system i?^ . Let /i G A^ be of minimal length in its A^- 
coset. Then, for any root f3 and corresponding coroot = j^^yi we have ||/i±/3^p > 
and, expanding < 1. Assume that A G A'^y satisfies ( p~^ ) and — X mod A)^ is of 

minimal length in its coset. We claim that wX — v for an appropriate w G W . To see this, 
write V = A + + ■ • • + where the (i{ are (possibly repeated) coroots. Clearly, one 
cannot have {X, Pi) > for all i otherwise 

u) ^ (A, A) + pr , E Z'^'') + 2(A, E > ^) (2-5) 
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in contradiction with the mininiahty of v. Thus, by (2.4) there exists an i G {1, ... , r} such 
that {X,f3i) — —1 and therefore Ai := CT/j^A = A + Moreover, Ai satisfies {2A) since W 
permutes the roots and preserves (■, •). We may therefore iterate the above step to find a 
permutation r of {1, . . . , r} such that 

A,; := A + + • • • + = • • • afj^,,^ A (2.6) 

In particular, \r = ly and therefore G WX whence ||A|| = O 

Recall that a weight fi G Aiy is dominant if it lies in the cone 

A+ = {J^ £ Awl {i^,a^) > Va,^ e A^} - 0A, -N (2.7) 



Since Atr is a fundamental domain for the action of W on A\y, lemma 2.1 and proposition 



2.2 establish a bijective correspondence between elements in Z(G) and minimal dominant 
weights. Dually, the elements of Z{G) correspond to the minimal dominant coweights, i.e. 
those fj, e (A^)+ — A^ • N of minimal length in their A)^-coset. The following gives 
another characterisation of minimal dominant coweights. 

Lemma 2.3. The non-zero minimal dominant coweights are exactly the fundamental co- 
weights corresponding to special roots, i.e. those ai € A bearing the coefficient 1 in the 
expansion 

= ^m,a, (2.8) 

Proof. By proposition |2.2| , ^ S (A^)+ is minimal iff {^jl,9) < 1. Indeed, for any positive 
root a, we get < (/i, a) < (fi, 9) — {^,6 — a) < (/i, 9). Since (/i, 9) = implies /i = 0, the 
non-zero minimal dominant coweights are those fi € (A^)+ such that {fJ,,9) = 1. Writing 
fj, = '^^kiXl , ki > and using (p^), we find {fJ-,9) = ^kimi. Since 6* — is a sum of 
positive roots, to^ > 1 for any i and result follows O 



3. Central extensions of LzG 

This section is devoted to the study of the central extensions by T of the group of discon- 
tinuous loops 

LzG = {C e C°°(M, G)\ C{x + 27r)C(a;)-i G Z} (3.1) 

corresponding to a subgroup Z C Z{G). These are uniquely determined by their restrictions 
to LG = C°°(S'\G) and to Hom(T,T/Z), the integral lattice of G/Z. The former are 
classified by their level £ G Z p^S[ | and the latter by their commutator map, a T-valued, 
skew-symmetric bilinear form lu on Hom(T,T/Z). We shall prove below that £ and u are 
bound by the requirement that 

^A,m) = (-1)^<"'^> (3.2) 
whenever A lies in the coroot lattice Hom(T, T) and therefore that central extensions of 



LG do not necessarily extend to LzG since a suitable tu satisfying ( |3.2D for a given £ need 
not exist. In particular, LZ2SU2, and more generally Lz2^SU2n, do not possess central 
extensions of odd level. For compatible £ and w, we construct the corresponding central 
extension of LzG and show that the action of Diff+(5'^) on LzG lifts uniquely to it. The 
classification of central extensions of L{G/Z) follows easily from this and is described at the 
end of this section. 
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3.1. Central extensions of LG. 

We begin by reviewing the construction of central extensions of LG, and more generally 



of a connected and simply-connected Frechet Lie group G, following chapter 4 of |PS|. All 
central extensions considered in this section are understood to be smooth and have T as 
their extending group. Let C be the Lie algebra of G and /3 a two-cocycle on C, i.e. a 
continuous, skew-symmetric, bilinear map /3 : £ x £ — > R satisfying 

f3{[X, Y],Z) + P{[Y, Z],X) + (i{[Z. X],Y)^0 (3.1.1) 

[3 may be regarded as a right-invariant, closed two-form on G and we assume that {2tt)~^ (3 
is integral, i.e. such that its integral over any two-cycle in G is an integer. Then, there 
exists a unique central extension 

l^T ^G ^G (3.1.2) 
the Lie algebra of which is, C — C®iM. with bracket 

[X ®it,Y® is] = [X, Y] ® i(3{X, Y) (3.1.3) 

G may be constructed using the following path group description. Assume G exists and 
regard it as a principal T-bundle over G with connection given by the splitting C = C® iR. 
In other words, the horizontal subspace at g G is Cg. The pull-back of G to the space 

VG^{p:I^G\p{Q)^l} (3.1.4) 

of piece-wise smooth paths via the end-point fibration VG — > 5 is topologically trivial, the 
identification of the fibre at the constant path 1 with that at p being simply given by parallel 
transport along p. Explicitly, if A" = PP^^ : I ^ C is the right logarithmic derivative of p, 
the identification maps z G T = e*7r~^(l) to the end point of the path p in G obtained by 
solving p — Xp, p{0) ~ z. If p is closed, and therefore contractible in G, the corresponding 
identification is simply multiplication by the holonomy e^ where a is any two-cycle in G 
with boundary p. 

The concatenation of pointed paths defined by 

= l p(2t- 1)9(1) if i<i<l 

induces a monoidal structure on VG which, combined with the group law on G makes e*G & 
monoid. The crucial feature of the corresponding multiplication law is that it becomes the 
canonical one when transported to VG x T ^ e*^/, a direct consequence of the C/-invariance 
of the connection on G. It follows that, as a group, G may be described, or indeed defined 
as the quotient of VG x T with law (p, z) ★ (g, w) = {pM q, zw) by the equivalence relation 

(p,z)-(g,w) p{l)^q{l) and e'f"'^ = wz (3.1.6) 

where cr is a two-cycle with boundary pV q and q{t) = q{l — t)q(l)^^. 

Lemma 3.1.1. An automorphism A of G lifts to G if, and only if it leaves the cohomology 
class of (3 invariant, i.e. iff there exists a linear map F : C such that for any X,Y ^ C 

(3{AX,AY)^ I3{X,Y) + F{[X,Y]) (3.1.7) 

The lift is then unique up to multiplication by a character of G and is given infinitesimally 
by 

A{X (Sit) = AX ®i{F{X) + t) (3.1.8) 
and in the path group description of G by 

A{p,z)^{Ap,ze^^v'^) (3.1.9) 
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where F is regarded as a right-invariant one-form, so that J_^F — F{pp ^). 



Proof. The necessity of ( 3.1.7 ) is straightforward. Indeed, a Uft A acts on C by A(X(Bit) = 
AX © i{G{X) + t) for some linear map G : £ ^ M. Requiring that A[X ® i,Y ® i] = 
[A{X © i), A{Y i)] and expanding both members yields 

A[X, Y] © i[G{[X, Y]) + f3{X, Y)) = [AX, AY] © il3{AX, AY) (3.1.10) 

and therefore ( [3.1.7| ). Conversely, (3.1.9) is a well-defined lift of A. Indeed, when regarded 
as an identity between right-invariant forms in Q, (3.1.7) reads A*P = (3 — dF . It follows 
that if (p, z) ~ [q, w) and ct is a two-cycle in Q with da = pW q, then, d Aa — Ap V (Aq) and 



e^L./3 ^ e'LA'ti ^ e*.L/5e-^/p^e'/,^^ ^ we' h ze' ■^"'^ (3.1.11) 

so that {Ap, ze'^p ^) ~ {Aq, we' ^i The uniqueness of A is clear for if Ai, i = 1,2 are two 
lifts of A, then A2A^^ is a lift of the identity and fixes T so that it is given by x ° for some 
X G Hom(a,T) O 



Remark. The phase factor in ( |3.1.9| ) may be derived from ( p.l.Sf ) as follows. For any p G VG, 
denote by p its unique horizontal lift through 1 G (J so that p — pp^^p and p{0) = 1. Then 
Q{t) = Ap{t) solves 

Q = A{pp~^)Q = {Ap){Ap)-^Q + iF{pp~^)Q (3.1.12) 



Set Q{t) — (f>{t)Ap{t) where (f>{t) G T, then ( 3.1.12 ) reduces to = iF{pp ^)(f> and therefore 
(j}{t) = e^/'o ^(PP"')''^. Conversely, (jsTsI) may be obtained from ( |3.1.9| ) by taking p as the 
path s — > expg(stX) and differentiating ai t — 0. 

Let now g = LG = C°°{S\G) with Lie algebra Lg = G°°{S\q). The basic inner product 
(•, •) on determines a right-invariant, closed two-form on LG given by 



B{X,Y) = 



{X,Y) 



de 

2^ 



(3.1.13) 



— ' 

and such that {2-11) B is integral. For any £ G Z, denote by LG and Lq the central 
extension of LG corresponding to iB and its Lie algebra. Then, any central extension of LG 

is isomorphic to some LG for a uniquely determined ^ G Z called its level |PS| , thm. 4.4.1]. 

Since B is invariant under the action of the group Diff_|_(S'^) of orien tati on-preserving dif- 
feomorphisms of 5*^ given by 07 = 7 o (/)~^, and IIom(LG, T) = {1} |PS, prop. 3.4.1], this 

action lifts uniquely to any central extension of LG. Similarly, the action by conjugation of 

e. 

LzG on LG lifts to any LG . Indeed, for C, G LzG we have 



r2iT in /'27r 

B{cxc\CYC')^ {CXc\CYC')7r+ {CXC'XiC'LYK-')— 

Jo ^'^ Jo /g ^ 



B{X,Y)- 



27r in 

{C'UX,Y])^ 



(3.1.14) 



where we used the Ad-invariance of (•, •) and the fact that C + C = (C ^C) — 0. 
Therefore, by lemma |3.1.l| , on Lq 



Ad(C) X®it = CXC^ ®i\t-l 



zvr 



(3.1.15) 



In particular, the adjoint action of LG factors through LG C LzG and, by the uniqueness 
of lifts, is given by (3.1.15). 
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3.2. The compatibility requirement. 



By lemma 2.1, the subgroup Z C Z{G) is isomorphic to K^^l ^b. where A)^ C A^ C A^ 
is the integral lattice of GjZ, i.e. A^ = Hom(T,T/Z). We will regard A^ as a subgroup 
of LzG by associating to /x £ A^ the discontinuous loop C/i(^) = exprp(^—iO^). Since any 
character of A^ extends to A^, the connecting homomorphism in the five term sequence 

Hom(A^, T) ^ Hom(A^, T) ^ H^{Z, T) ^ i?^(A^, T) (3.2.1) 

is the zero map. Using the five term sequence for the inclusion LG C LzG and the fact 



that Hom(iG, T) = {1} |P£, Prop. 3.4.1], we therefore obtain the following commutative 
diagram with exact row 



H^{Z,T) 



H^{LzG,T) — i?2(LG,T) 



(3.2.2) 



which shows that a central extension of LzG by T is entirely determined by its restrictions 
to LG and to A^. The former is classified by its level £ and the latter by its commutator 
map uj defined by 



c^(a,a*)-CaCmCa'C' 



(3.2.3) 



where <^\, S LzG are arbitrary lifts of Ca, C/*- ^ is a skew-symmetric, T-valued, Z-bilinear 
form on A^. Since the identification A^ = Hom(T, T/Z) maps A^ to Hom(T, T) C LG, lu is 



bound by the requirement that w(q;,/3) = (— 1)^(">'3> whenever a,/? G [ [PS| , prop. 4.8.1]. 
We shall presently establish that uj is constrained by a more astringent identity, the proof 
of which gives an alternative derivation of proposition 4.8.1 of [PS|. 



Theorem 3.2.1. Let LzG be a central extension of LzG by T, the restrictions to LG and 
A^ of which have level i and commutator map lu respectively. Then, for any A G A)^ and 
MgA^ 



a.(Ai,A) = (-l)^<'''^> 



(3.2.4) 



Theorem 3.2.1 is an immediate corollary of the following 

Proposition 3.2.2. For any /i £ A^, denote by the unique lift of the conjugation action 

e _ e 

of C/i on LG to LG . Then, for any X £ A^ and lift (^\ e LG of C\, 

MCx) = (-1)'<'^''>Ca (3.2.5) 



Proof (of theorem ^.2.1D . Let Ca,Cm G ^zG be lifts of Ca and Cm G LzG respectively. 



By lemma |3.1.l| , Ad{Cfj.) = as automorphisms of LG = LzG 
Ad{C^) and Hom(LG,T) = {1}. Thus, by ( |3.2.3| ) and ( ^.2.5| ) 

c.(^,a) = I^(Ca)Ca' = (-i/<^-'> 

o 



since both are lifts of 



LG 



(3.2.6) 



Proof (of proposition |3.2.2| ). Since CmCaC^^ = Ca in LG, the left hand-side of ( ^.2.5| ) 
is equal to uj{fi, X)Cx, where uj{fi. A) G T is independent of the choice of the lift Ca and is 
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bilinear in /i, A. Moreover, if /i G A^, lemma 3.1.1 implies that — Ad(Cp) and u is 
therefore skew-symmetric when restricted to A)^ x A^. We begin by establishing that 



(3.2.7) 



when A = is the coroot corresponding to a positive root a and /i G A^ is such that 
(a,/i) G {0, 1}. The loop C^a^iff) = expj^(— 16*0^) may then be written as a product of two 
exponentials in LG ||PS| , 4.8.1], namely 



(-|(ea(0) - /„(0))) exp^G(f - ./«(-!))) (3.2.8) 

Here, using standard notation, Cq., /„ and /iq = span the s[2(C)-subalgebra of g^, corre- 
sponding to a and, for any x G ^'^d rt G N, x(n) = x® e™^ G Lflj.. To see that ( ^.2.8| ) 
holds, consider the homomorphism a a ■ SU2 G mapping the standard basis of sl2(C) 
given by 



e = 



1 




/ 





1 



1 

-1 



to {ca, fa, ha}- This induccs a homomorphism LSU2 — » LG sending 



to and ( 3.2.8 ) reduces to a simple matrix check. 

If /i G t, then [/i, Ca] — {h,a)ea whence Ad(expr^(ft,))eo 
fore, since Cfj.{9) = exprp[—i9fi), we have 



exp(ad(ft,))eQ 



je{n-{a^^)) ^ ea{n - {a, ij)){9) 



(3.2.9) 



(3.2.10) 



There- 



(3.2.11) 



so that, in Lq 

CMea(n)C;' =e„(n- (a,M)) (3.2.12) 

Cm/o(")C;' = /a(n+ (a,/i)) (3.2.13) 

Since C/7^Cm — ^ t ^"^^ this subspace is orthogonal to Ce^ ® C/q with respect to the 

r- -| ~l 

Killin g form , no correction term arises from ( p.l.lq ) and the same holds in Lq . It follows 
that ( 3.2.7 ) holds if (a, /i) = 0. If, on the other hand (a, ji) = 1, then 

MCo.^)C' =exp^^^.(-|(e„(-l) - /„(1))) exp^^^.(|(e„(0) - /„(0))) 



• exp 



: exp 



•Ad 



(-f (ea(l) - fai-l))) exp~. (|(e„(0) - /„(0))) 
(-|(e„(-l)-/„(l))) 
{^^PTg'UMO) ~ /.(O)))) exp~. (-|(e„(l) - /«(-l))) 



(3.2.14) 



•exp~. (^(e„(0)-/„(0))) 

As is readily checked using CTq , we have 

Ad (expiG(|(e„(0) - /a(0)))) (e„(l) - /„(-l)) - e„(-l) - /„(1) (3.2.15) 

Moreover, since we are conjugating by a constant loop, no correction term arises from ( [3.1.15| ) 
and (3.2.14) is therefore equal to 



exp 



LG 



(-^(e„(-l) - /„(1))) exp~.(7r(e„(0) - /„(0))) (3.2.16) 
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To proceed, we seek to diagonalise the above elements. This is best done in LSU2 using the 
identity 

(3.2.17) 



ea{-m) - fa{m) = V(m)i/iQ(0)F(m)* 

Since 



where V{m) G LSU2 is given by 9 — > ( ^J^y^ 



le 



1 



we have 



27r 



V-\m)V{m) = y(i/ia(0) + e„(-TO)-/„(m)) 

de 



{V-^{m)V{m),iK{0))- 



m , 



2tt 2 

and therefore, using ( |3. 1.151 ), ( ^.2.16| ) is equal to 



(a, a) 



e— ^<^f(T)exp~.(-z^/i„(0))Fa) 'nojexp~.(i7r/i„(0))y(0) ' 



(3.2.18) 
(3.2.19) 

(3.2.20) 



where V{0),V{1) are arbitrary lifts of 1^(0), V{1) in LG . Since exp^^;^ (—177/1^(0)) — —1 lies 
in the centre of any central extension of LSU2, the above is equal to (— 1)^ <°'°> = (—1)^^" •'^^ 
and (|3T7|) holds if (a,/i) = 1- 



Let now A = and /i = be coroots. Then, either |(q;,/3^}| < 1 or |(a^,/3)| < 1 |Hu 



Table 1, p. 45]. Using the bilinearity and skew-symmetry of both sides of (3.2.7), we may 
assume, up to a permutation and a s ign ch ange, that a is positive and that (a, /3^) S {0, 1} 
so that, by the computation above, ( 3.2.7 ) hol ds wh enever A and /i lie in the coroot lattice. 



To complete the proof, it is sufRcent to check ( ^.2.7 ) when A = is a positive coroot and 



fi varies in a set of representatives of A^-cosets in A^. A convenient choice is given by the 
minimal dominant coweights. If fi is one such then, by proposition {fJ.,ct) G {0, 1} and 
therefore ( 3.2.7| ) holds by our previous computation O 



3.3. Construction of central extensions of LzG. 

Define the level £ and commutator map of a central extension LzG of LzG by restriction 
to LG and A^ respectively. By theorem 3.2.1, no such LzG exists unless £ and uj are com- 
patible, i.e. satisfy ( |3.2.4 ). In particular, LZ2SU2, and a fortiori LSO3, do not possess any 



central extensions of odd level since in this case A^ — aL and A^ = §^ with (a, a) = 2. On 



the other hand, ( ^.2.4 ) requires 07(0;, ^) = —1 in contradiction with the skew-symmetry of w. 



Let now £ e Z and w be a skew-symmetric, T-valued bilinear form on A^. Then, 

Proposition 3.3.1. There exists a (necessarily unique) central extension LzG of LzG of 
level £ and commutator map oj if, and only if 



(3.3.1) 



whenever A S A^. 



Proof. The necessity of ( 3.3.1 ) is the contents of theorem 3.2.1 and the uniqueness of LzG 



that of (3.2.2). Let LG and A^ be the central extensions of LG and A^ with level £ and 



commutator map uj respectively. Following |P£, Prop. 4.6.9], we shall construct LzG as a 
quotient of LG x A^ Q Lift the conjugation action of A^ C LzG on LG to LG by using 
lemma |3.1.l| and denote the corresponding automorphisms of LG by A^, G A^. Form the 



semi-direct product LG xi A^ where the action of A^ factors trough A^. By theorem 3.2.1 



^The proof of proposition 4.6.9 of [ PS is sligthly erroneo us in that it does not assume that lo is compatible 



with L When that is not the case, the group N defined by (3.3.S ) is not normal as can be seen from equation 

iJi). 
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and the eompatibility of i and oj, LG and restrict to isomorphic central extensions 
of A)^. We may therefore consider the subgroup 

^ = {(Co,C')}ciG>. A| (3.3.2) 



where Cq varies in A^. We claim that N is normal. By lemma 3.1.1 , for any a G A)^, 
Aa = Ad(CQ) since both are lifts of Ad(CQ). Therefore, for any 7 e LG, 

(7,l)(Ca,Ca')(7-\l) = (7,l)(Ca^-a(7~'),C') ^ (Ca,C') (3-3.3) 



Moreover, by proposition |3.2.2| and (|3.3.l[ ) 

(i,Cp)(Ca,c')(i,c;') = {mUaI,.q']q') = ((-i)'<^'">Ca,(-i)-'<^'">c') (3.3.4) 

Thus, N is normal, and the quotient LG ><J A.'^/N is the required central extension of LzG 

O 



Remark. Theorem 3.2.1 and proposition 3.3.1 prove the exactness of 

1 ^ H^{Z, T) H^{LzG, T) H^{LG, T) ^ Z/f /Z ^ (3.3.5) 
where is 1 if A^ possesses a commutator map satisfying ( |3.2.4 ) with £ — I and £f — 2 



otherwise. We call if the fundamental level of G/Z. The fundamental levels of all compact 
simple groups are given in §3.6. 



3.4. Automorphic action of Diff+(S-'^) on LzG. 

Let Diff_|_(S'^) be the group of orientation-preserving diffeomorphisms of and V its uni- 
versal covering group. V may be realised as the subgroup of diffeomorphisms of M such 
that (j){x + 2-k) = (f){x) + 27r and Diff_|_(S'^) = V/iT^ir) where Ty is translation by y. V acts 
automorphically on LzG by 

0C = g-i=Cor' (3.4.1) 

and this action factors to one of I?/ (T27rfe) where k is the order of the largest cyclic subgroup 
of Z. The Lie algebra of V is the Lie algebra Vect(S'^) of all smooth vector fields on S*^ with 
bracket 

if ^^9^] = ifg-fg)-^ 



de 



If ^ = e Vect(S'^), the action of ^ on Lg corresponding to (3.4.1) is simply 

= -fX 

so that the Lie algebra of P x LzG is Vect(S'^) x Lq with bracket 

[X e y © g^] = {[X, Y]-fY + gX) © {fg - /g)^ 



(3.4.2) 



(3.4.3) 



(3.4.4) 



Proposition 3.4.1. Let k be the order oj the largest cyclic subgroup of Z. Then, the action 
of the universal k-covering o/Diff+(5^) on LzG lifts uniquely to any central extension LzG. 

Proof. The uniqueness is easily settled for two lifts necessarily differ by some 

X e HomCD, Hom(LzG, T)) = Hom(r>, Z) = 1 (3.4.5) 

where the first isomorphism follows from Hom(_LG, T) = 1 and the second by connectedness 

of v. Let LG, A^ be the restrictions of LzG to LG and A^ respectively and £, uj the corre- 
sponding level and commutator map. We shall describe, as in the proof of proposition 3.3.1, 



^The bracket ( 3.4.s| ) is the Lie-theoretic bracket on Vect(S'"'^) satisfying 

d 
dt 



exp(tX)y exp(-iX) 



and is the opposite of the differential geometric one defined by the action of Vect(5^) on C°°(S^). 
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LzG as a quotient of k LG. Since LzG isn't connected, the action of T) on it cannot 



be lifted to LzG by using lemma 3.1.1. Following the proof of |PS, prop. 4.7.1], we shall 
regard it instead as one of LzG on LG x P in the following way. 



Consider first the connected component of the identity of LzG, i.e. LG and form the semi- 



direct product LG x V where V acts on LG as in §3.1. Since V is contractible, LG x T> 
may equivalently be described as the central extension of LG xi V corresponding to the Lie 
algebra cocycle 



zvr 



(3.4.6) 



We claim that LzG acts on LG x V and LG x T>. The first action simply stems from the 
fact that LG x I? is a normal subgroup of LzG x T) and is given explicitly by 



and infinitesimally by 



c(7» = (C7r'cc-\, 



C(xe/^) = (Cxc- + /CC-)®/^ 



To see that this action lifts to LG x P, we compute 



By (3.1.14) 



BiCXcKxYC 



On the other hand. 



B{X,Y) 



27r in 





(3.4.7) 



(3.4.8) 



(3.4.9) 



(3.4.10) 



BifCC\CYC') + B{CXC\9CC') = 



2;r jfl 

g{CC\CXC^) - g{CC\C[C'C, x]c')^ 

ZTT 



riff 

(C^JY-gX)^ 




(3.4.11) 



riff 

{f9-fg){CC\CC'):^ 





(3.4.12) 



Finally, anti-symmetrising, we find 
Thus 

mx ® /^), CiY © 4)) = /3(X © / A, r © 4) - iFiiX © / A, r © 4]) (3.4.13) 
where F : x Vect(S'^) K. is given by 



(3.4.14) 



Since P is perfect pp| ], it follows from lemma |3.1.l| that the action of LzG on LG x V lifts 
uniquely to LG x I? and is given by 
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ax © ® tt) = icxc' + KC') © 



J (14,15) 



Consider now the semi-direct product k (iC x T>) where the action of factors through 
A^ and the subgroup 

iV = {(C^,Cl"\l)}cA|K(LGxP) (3.4.16) 
^ . N hes in the centrahser of LG x I? since, by uniqueness, 

A 75 



where Cq varies in A^ ~ LzG 



Ad((CQ,l,l)) = Ad((l, Ca, 1)) on LG x P as both automorphisms are hfts of Ad(CA). It 
follows that the quotient A^ ix LG/N = LzG is acted upon by V. 

To conclude, we need only show that translations by multiples of 27rfc act trivially on LzG, 
where k is the order of the largest cyclic subgroup oi Z . It is sufficient to check this on a 
representative of each connected component of LzG since, by uniqueness, T27r7 = 7 for any 
7 G LG. Let C,\ be a lift of the discontinuous loop C,x{0) = exp2n(— iA6'), A e A^. By (3.4.15), 

a^CV^ = -^Ae^e4(A,A) (3.4.17) 

and therefore, since Ty ~ expp(?/^) 

CxT^.kCx'^ = e"'^^^^'^) expj,(-2^ifcA)T2,fe = (-l)'<'=^'^>T2^fc (3.4.18) 

Notice that fcA G A^ since its image in Z is 1. Thus, by the skew-symmetry of oj and its 
compatibility with ^, we have 

1 =a;(fcA,A) = (-1)'=^<^'^> (3.4.19) 



whence 



as claimed O 



CxT^.kCx ^^T2^k (3.4.20) 



Let us record the following by-product of the proof of proposition |3.4.1| since it extends 
formula 4.9.4 of @ 

Corollary 3.4.2. The action of LzG on the Lie algebra of LG xs Diff+(5^), where LG is 
the central extension of LG of level £, is given by 

c(xe/^ED«) = (<xr' + /cr>/;^ 

3.5. Central extensions of L(G/Z). 

We now classify the central extensions of L{G/Z). The five term sequence corresponding to 

1^ Z ^ LzG ^ L{G/Z)^1 (3.5.1) 
and the fact that Hom(LG, T) = 1 yield the exactness of 

1 Hom(Z, T) H^{L{G/Z), T) ^ H^{LzG, T) (3.5.2) 
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The image of tt* is easily described. Let the basic level £b oi G/Z be the smallest integer £ 
such that the restriction of £{■, •) to is integral, i.e. such that 

€(A^,APgZ (3.5.3) 

for all fundamental coweights A^, AJ lying in A^. Then, 

Proposition 3.5.1. A central extension of LzG is the pull-back of one of L{G/Z) only if 
its level £ is a multiple of the basic level of G/Z. Conversely, if £b\£, the subgroup Z C LzG 
corresponding to the canonical embedding G ^ LzG is central and 

L^'^t:*(L^/Z) (3.5.4) 

Proof |^. As readily verified, a central extension LzG of LzG is the pull-back of one of 
L{G/Z) only if its restriction to Z lies in its centre. Conversely, since G is simple and 
simply-connected, the restriction of LzG to G, and therefore to Z, is canonically split. If 
s : Z — > Z = LzG is the corresponding section and Z is central, then L zG / s{Z) is 

a central extension of L(G/Z) which pulls back to LzG. We therefore need to determine 
those LzG for which Z is & central subgroup. Notice first that Z lies in the centre of 
LG = LzG . Indeed, for any z S Z, 7 £ LG and hfts z, 7 S LzG, 

LG 

727"^?-^ = xil, (3.5.5) 

where x(7j 2;) G T is independent of the lifts and multiplicative in each variable. Since 
Hom ( LG, T) = {1} however, x = 1. Thus, we need only check that Z commutes with the 
lifts of the discontinuous loops Ca(^) ~ expj.(~iA^?), A G A^. For any h € t, we have by 
( |3Tl5D , 

C^hC^' =h + £{h,X) (3.5.6) 

whence 

where fj, G A^ is such that expy(— 27ri/j,) — z, and it follows that Z is central iff £ is a 
multiple of £1, O 



Proposition |3.5.1 shows that 



H^{L{G/Z), T) ^ Ker^ ® Hom(Z, T) C H^{LzG, T) ® Hom(Z, T) (3.5.8) 

where £ is the map giving the residue mod £b of the level of a central extension of LzG. The 
isomorphism is simply given by associating to a central extension LzG of level £ G and 
X & Z the central extension 

L^/{z-x{z)),ez (3.5.9) 



The list of basic levels for all compact, connected and simple Lie groups is given in §3.6 



Remark. If the central extension LzG has level £ G ^bZ, the action of V on LzG clearly 
descends to L(G/Z) = Lz G/Z. S urprisingly perhaps, it does not then necessarily factor to 



one of Diff+(S'i). Indeed, ( |3.4.17| ) yields 



T2MT2^' = Ca expy(2^a)e2^^^^ (3.5.10) 

which equals 1 in LzG/Z if, and only if ^(A, A) G 2Z for any A i.e. iff A^, endowed with 
(■,•), is an even lattice. 



^ The 'only if implication of proposition 



3.5.1 



is essentially the contents of lemma 4.6.3 of [PS 
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Remark. The basic level of G/Z is a multiple of the fundamental one for if the form 

C^(A, ll) = (_l)^(A,M>+^^(A,A>(M,M> (3.5.11) 



is a commutator map on satisfying the hypothesis of proposition 3.3.1, In particular, 
LzG possesses a canonical central extension at level tb- 

3.6. Appendix : fundamental and basic levels of simple Lie groups. 

Let Z C Z{G) and K)^ C C A^ be the fundamental group and integral lattice of G/Z . 

Lemma 3.6.1. If Z = A^/AJij. is cyclic of order k, then G/Z has fundamental level 1 if 
and only if fc(A, A) G 2Z where A G A^ is a generator. 



Proof. If is a commutator map on A^ satisfying 



(3.6.1) 



whenever a G A^, then, by skew-symmetry, 1 — uj{k\,\) = (— l)'^^-^'-^) since k\ G A)^. 
Conversely, if A:(A, A) G 2Z, the form w(a © aA, /3 ® bX) ^Li){»-P)+{bo'+ap.\) ^ 
descends to one on A^ © ZA/ — kX (B kX = A^ satisfying (3.6.1) O 



Proposition 3.6.2. The following is the list of fundamental and basic levels if, it for all 
compact, connected and simple Lie groups with universal cover G and fundamental group 
Z/{1}. 



Z(G) 



G/Z 



SUr^ 



n> 2 



1 for n odd 



smallest i with 



2 otherwise 



Spin2n+i n>2 



TL-r 



Z2 



SO: 



'2ri+l 



Spn 



n > 1 



Z2 



1 for n even 



1 for n even 



2 for n odd 



2 for n odd 



Spinim m > 2 



Z2 X Z2 



ZO 



5*04 



1 



Z? 



1 for m even 



1 for m even 



2 for m odd 



2 for m odd 



Z2 X Z2 



PSOi 



1 for m even 



2 



2 for m odd 



SpinAm+2 TO > 1 



Z4 



Z2 



5*0, 



4m+2 



Z4 



PSO. 



4m +2 



Er 



z.. 



1. 



i?7 



Z2 



Z2 



2 



2 



Proof . We proceed by enumeration according t o th e Lie-theoretic type of G, using the 
tables [ Bou , planches I-IX] and lemmas 3.6.1 and 2^, For G simply-laced, we identify the 
coroot and coweight lattices with the root and weight lattices respectively. In what follows, 
9i, i — I. . .n and (•, •) are the standard basis and inner product in R". Unless otherwise 
indicated, the basic inner product is the standard one. 



SU„, n > 2 



SU„ is simply-laced and the quotient Aw / A = Z„ is generated by A^ 



corresponding to the special root ai — 61 — O2. For any the subgroup of Z(SU„) 

(n- 



isomorphic to Z^ is generated by f A^ and (^A^^, ^A^^) - ^^^^ 
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Spin2n+i, n > 2 

Z(Spin2„^]^) = Z2 is generated by the coweight = 9i corresponding to the unique special 
root ai^di- 02. Since (A^, A^) = 1, 4 = £^ = 1. 
Spn, n > 1 

Spi is the group of unit quaternions and is therefore isomorphic to SU2- For n> 2, Z(Sp„) = 
Z2 is generated by A^ = 9i + ■ ■ ■ + 9n corresponding to the unique special root = 20„. 
Since the basic inner product is half the standard one on R", we have (A^, A^) = ^ whence 
£b — if — ^ for n even and 2 for n odd. This is consistent with the isomorphism Sp2 = Spiiig. 
Spin2n5 n > 3 

Spin2ri is simply-laced with minimal dominant coweights A^ — Oi, A^_]^ — ^{0i + • • ■ + 
On-i ~ On) and A^ = \{6i + • • • + 9n) corresponding to the special roots ai = 9i ~ 62, 
a„_i = 9n-i — On and a„ = 0„_i + On- 2A^ = mod A^; and (A^, A^) = 1 so that the 
corresponding quotient Spin2„ /Z2 = S02n bas £b = if = 1- We must now distinguish two 
cases : 

n odd. Then 2A^_i = 2A^ = A^ mod and Z(Spin2„) = Z4 with A^_i,A^ of order 4. 
Since (A^, A^) = ^, we get 4 = 4 and ^/ = 2 for Spin2„ /Z4. This is in agreement with the 
isomorphism Spiug = 81/4. 

n even. Then 2A;^_i = 2A^ = mod and Z(Spin2„) ^ Z2 x Z2- Since = 
(A^, A^) = J we get 4 = = 1 or ^f, = ^/ = 2 for the quotients Spin2„ /Z^ corresponding 
to y^^n-i ^''^d A^ according to whether n is divisible by 4 or not. For Z = Z2 x Z2, we get 
(Aj', A^) = ^ so that 4 = 2. To determine notice that if there exists a commutator map 



w on A^ = AvK satisfying (3.2.4) with € = 1, the fundamental level of Spin2„ /Zj is one and 



therefore n is divisible by 4. Conversely, if 4|n, the form a;(a®pAi ©gA^, /3®p'Ai ©q'A^) = 
jP9'-<;p'(_i)(a,/3)+(ayA^+<2'A^)+(pAi'+qA:^,/3) defined on Aij©A^Z©A^Z descends to a suitable 
form on t^w = A^, © A^^Z © A;iZ/(-2A^ © 2A^ © 0)Z + © © 2A,'()Z. 

Eg 

is simply-laced and A^y/A/j = Z3 is generated by any of its non-zero elements and 
therefore by Ag = 65 — \iO^ -\- 9j — 0^) corresponding to the special root ag = —04^ + Or,. 
Since (A^, A^) = |, 4 = 3 and 4 = 1. 
E7 

E-j is simply-laced and Ky/ / Kj^ ^ Z2 is generated by A7 = ^g — ^{0-j — Og) corresponding 
to the unique special root ar = —O5 + Oq. Since (A7 , Ay ) =:|,4 = ^/ = 20 

4. The action of LzG on the positive energy dual of LG 

We show in this section that the category Vi of positive energy representations of LG at a 
given level I is closed under conjugation by elements of LzG. We also identify the corre- 
sponding abstract action of ^ = LzG/LG on the alcove of G parametrising the irreducibles 
in Vi with the geometric one obtained by realising Z as a distinguished subgroup of the 
automorphisms of the extended Dynkin diagram of G. We begin by studying the latter. 

4.1. Geometric action of Z(G) on the level £ alcove. 



This subsection is essentially an expanded version of [Bou, ch. VI, §2.3]. The notation 
follows that of section ^. Denote —0 by ao, then 

Lemma 4.1.1. For any special root ai, the set — A\{Q!i} U {ao} is a basis of R with 
highest root —ai and dual basis 

Ar = -Ar (4.1.1) 
Aj' = A;-(^,Aj)Ar (4.1.2) 

Proof. Let x e tc, then, by (|^ 

X = ^(x, Aj)a, = {x, \r)0 + AJ) - {x, Xr){0, \)))a, (4.1.3) 
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SO that Ai is a vector space basis of tc with dual basis given by ( [4.1.l| )-( 4.1.2 ). If /3 is 
a positive root, then either (/?, A^) = 0, in which case (/?, Aq') and AJ ) are all non- 
negative, or A^) = 1 since A^ is a minimal dominant coweight. In the latter case 
{(3,X^') = -1 and (/?, AJ') = (/? - 6',A}') < 0. Thus, is a basis of R. Next, for any 
(3 & R, {—ai — (3,Xq ) = 1 + A^) > since A^ is minimal. Moreover, for j ^ i 

(-a. - f3, a;') - {e, Ap - (/3, Ap + {0, A;)(/3, A^) = (0 - /?, Aj) + Ap(/3, Ap (4.1.4) 

The above is clear ly non -negative if (/3, A^ > 0. If, on the other hand, (/3, A^) = —1 then 
/3 is negative and ( 4.1.4 ) is equal to —{/3, AJ) > 0. Thus, —ai is the highest root relative to 
A, O 

Proposition 4.1.2. Let A — Aujao}- Then, for any special root ai, there exists a unique 

eWo ^ {w eW\wA^A} (4.1.5) 

such that Wiao = ai. The resulting map i : Z{G) Wq obtained by identifying Z{G) \ {1} 
with the set of special roots is a group isomorphism. 

Proof. The existence of Wi follows from the previous lemma since W acts transitively on 
the set of basis of R and maps highest roots to highest roots. Wi is unique because an 
element w G Wq is determined by wa^. Indeed, if wia^ — aj — W2aQ, then w^^wi is a 
permutation of A and is therefore the identity since W acts simply on basis, i is injective 
because Wiao — ai. Let now w G Wq. We claim that ai — wao is a special root. It then 
follow s by uniqueness that w — Wi and therefore that z is surjective. To see this, we apply 
w to ( ^^ ) and get —ai = J^j irijwaj while at the same time —ai = m~^{ao + X^j^i ^j'^j)- 
Equating the coefhcients of ao, we get mi = I. To prove that z is a homomorphism, let ai 
and aj be special roots. Then either WiWj = 1 or Wi Wj — W k where ak is another special 
root. In the former case, Wiaj — aQ and therefore, by ( 4.1.1 ) 



WiX, 



A, 



v 



-A 



(4.1.6) 



so that Xj 



mod A)^ since W leaves A)^-cosets invariant. In the latter, Wiaj = ak 
and therefore, using ( 4.1.2 ) 

(e^ApAr 



whence A^ + Ay 



A^ mod A)^ O 



Afc 



Ar 



A.^ 



(4.1.7) 



The following is well-known and often rediscovered [ OT , Ga 

Corollary 4.1.3. Z{G) is canonically isomorphic to the group of automorphisms of the 
extended Dynkin diagram of G induced by Weyl group elements. 

For any ^ e N, recall that the level I alcove is the set defined by 

A = {A e Aw|(A,a.) > 0, {X,e) < £} (4.1.8) 

Proposition 4.1.4. For any £ G N, there is a canonical action of Z(G) on the level t alcove 
Ae given by 

z A, ^ T{iXl)w, (4.1.9) 



where i is the label of the special root corresponding to z via lemma 2.5, t denotes translation 
and Wi — i{z) corresponds to z via proposition (.Li. 

Proof. If A G then for j ^ i, {AiX,aj) — {X,w~^aj) > since w~^aj ^ ao. On the 
other hand, {AiX, a^) — £ + (A, ao) > 0. Finally, {A^X, 6 
Ai leave Ai invariant. Next, AiAj = t[£{X^ + WiX^))wiWj . If WiWj 



and the previous proposition AiAj = 1. 
AiA, = Ak O 



£ - {X,wr^e) < £ so th at the 
1, we g et by ( [4.1.6| ) 
If, on the other hand WiWj = Wk, (4.1.7) yields 



Remark. The explicit action of Z{G) on Ai for all classical groups is given in §4.4 
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4.2. Positive energy representations of LG. 



We outline the classification of positive energy representations of LG following | Wa| to which 
we refer for more details. Let tt be a projective unitary representation of LG xi Rot(S'^) on 
a complex Hilbert space Ti, i.e. a strongly continuous homomorphism 

TT : LG X Rot(S'i) — > PU{n) = U{n)/T (4.2.1) 

Over Rot(S'^), tt lifts to a unitary representation which we denote by the same symbol. By 
definition, Ti is of positive energy if 

H = n{n) (4.2.2) 

where each 'H(n) = g 'H\TT{Re)£, = e*""^} is finite-dimensional. The lift is unique up 
to multiplication by a character of Rot (5^) and we normalise it by choosing no = and 
W(0) ^ {0}. 

The classification of positive energy representation is obtained via the associated infinites- 
imal action of the Lie algebra of g-valued trigonometric polynomials L^°^q C Lq in the 
following way. Consider the subspace W° C H of finite energy vectors for Rot(S'^), that is 
the algebraic direct sum of the 7i(n). The latter is a core for the normalised self-adjoint 
generator of rotations which we denote by d. Thus 

d|.„(„) = n and n{Rg) = e'^'^ (4.2.3) 

For any X G L^°^q, the one-parameter projective group 7r(exp2^(2(tX)) possesses a continuous 
lift to U {H), unique up to multiplication by a character of M. It is therefore given, via Stone's 
theorem by e*'^^'^^ where 7r(X) is a skew-adjoint operator determined up to an additive 
constant. 

Theorem 4.2.1 ( Wassermann) . The subspace 7i''" of finite energy vectors is an invariant 
core for the operators t^{X), X G L''°^q. The operators tt{X) may be chosen uniquely so as 
to satisfy [d,T:{X)] — iTT{X) on 7i''" and then X 7r(X) gives a projective representation 
of on such that 

[t:{X), n{Y)] = tt{[X, Y]) + ilB{X, Y) (4.2.4) 
where B{X,Y) ^ /o (-^: Y)£ 

and i is a non-negative integer called the level ofH. 
We denote the restriction of the operators 7r(X), X G L^°^q to W'" by the same symbol 



and extend tt to a projective representation of L^°^q^ on satisfying ( 4.2.4 ) as well as the 
formal adjunction property i^{X)* = —t:{X). The operators t^{X) and d then give rise to a 
unitarisable representation of the Kac-Moody algebra at level I such that d is diagonal 
with finite-dimensional eigenspaces and spectrum in N. Such representations split into a 
direct sum of irreducibles, each of which is an integrable highest weight representation, that 
is a module generated over the enveloping algebra il(0<) by a vector v uniquely determined 
by the requirement that it be annihilated by g> and diagonalises the action of T x Rot(S'^). 
Here fl< (resp. g>) is the nilpotent Lie algebra spanned by the x{n) with n < (resp. n > 0) 
and a; G flj. = ^-^id x lying in a negative (resp. positive) root space of g^.. Thus, for 
any /i G tc 

dv = nv (4.2.5) 
T:{h)v = \{h)v (4.2.6) 
for some n G N and dominant integral weight A of G which satisfies (A, 0) < £. The pair {£, A) 



classifies the integrable representation uniquely [Ka|. The finite collection Ag of dominant 



integral weights of G satisfying (A, 9) < i is called the level £ alcove of G. 



18 



VALERIO TOLEDANO LAREDO 



The classification of a positive energy representation (vr, 7i) as an LG-module is equivalent 
as that of H"" as an Lp°'0-inodule. In particular, Ti is topologically irreducible under LG 
iff W" is irreducible under L^°^q and is then uniquely determined by its level £ and highest 
weight A. Moreover, for any £ £ N and A G Ai, there exists a unique unitarisable highest 



weight 0^ -module with level i and highest weight A Ka|. The corresponding action of L^°^q 
may then be exponentiated to yield a positive energy representation of LG on its Hilbert 
space completion [ G!oWa , TL2| | . 



4.3. Action of LzG on positive energy representations of LG. 

The group of discontinuous loops LzG acts on LG by conjugation and therefore on the 
irreducible projective unitary representations of LG by C*7r(7) = 7r(C~^7C), C £ LzG. The 
following result shows that positive energy ones are stable under this action 

Proposition 4.3.1. // (7r,7i) is an irreducible positive energy representation of LG and 
C G LzG, the conjugated representation (^^.t: is of positive energy. 

Proof. Any intertwining action of Rot(S'^) for C^tt, whether of positive energy or not is 
necessarily given by 

9^Vg= 7:{C\e)Ue (4.3.1) 

where Cei^) — Ci^ ~ ^) ^-iid Ug is the positive energy intertwining action of Rot(S'^) for tt. 
Indeed, C~^C6i G LG and Ve yields a projective action of Rot(S'-^) satisfying Vg(^TT{j)Vg = 
C*T^{'ls)- Moreover, if Vg, i = 1,2 are two actions of Rot(5'^) intertwining ^^tt, then Wg = 
{VgYVg commutes projectively with LG and the following holds in U{T-C) 

Wg^{^)w;TT{-fr ^x{i,e) (4.3.2) 

where ^(7, (?) G T depends multiplicatively on either variable. Since LG is perfect, 
prop. 3.4.1.], X = 1 and by Shur's lemma Wg = 1 in PU{H). 

Thus, C*7r is of positive energy iff Vg is a positive energy representation of Rot(S'^). It is 
sufficient to check this for a given set of representatives of LG-cosets in LzG and therefore 
for the discontinuous loops Cu {&) — exprp^—iO^), ^ G A^. If ^ G A)^, then G LG and the 
action of Rot(5^) given by ( 1.3.1 ) may be rewritten as T^iCfl^CfigWe — TT{(^)*UgTT{(f^) which 



is of positive energy. The general case /i G A^ is settled by the following simple observation. 
Notice that C^^Cms ~ Cm(~^) ~ ex.prp(id^) since Cm is a homomorphism and write as a 
convex combination of elements in the coroot lattice, /i = J2iLi til^i, U G (0, 1], J2i = 1; 
Hi G A^. Since tt lifts to a unitary representation tt over G x Rot(S'^) D T x Rot(5^), 

7r(expj,(i6'^))7r(i?e) = J]^ tt (expy(i6'ij^j))7r(i?t^e) (4.3.3) 
j 

is a lift of T^{C,'^^C,p,g)Ug and the product of m commuting representations of R which by our 
previous argument are of positive energy. It follows that T^iC/I^CtigWe is of positive energy 
O 

Proposition 4.3.2. Let (7r,7i) be a positive energy representation of LG of level £ and 
CeLzG. Then, 

(i) C*'"' of level £. 

(ii) If C,{(f) — expj,[—i(j)ii) is the discontinuous loop corresponding to ^ ^ hy^, the subspaces 
of finite energy vectors of t: and C^tt coincide. 

(iii) If KA[QL^°^Q — L^°^q and the finite energy subspaces of tt and C*7r coincide, the con- 
jugated action of L^°'^g on 7i''" is given by 

(MX) = niC'XO + ^i|^\cc\X)^ (4.3.4) 
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Proof. It is sufBcient to check (i) for the discontinuous loops C^i, /i G A^. This will be done 
in the course of the proof of (iii) . 

(ii) It was remarked in the proof of the previous proposition that the conjugated action of 
rotations (4.3.1) corresponding to is given by 

AC^'Cf^ePe - 7^iexpJ.{^e^^))Ue (4.3.5) 

which commutes with the original action of Rot(S'^) given by Uq. Since both are of positive 
energy, their finite energy subspaces coincide. 

(iii) Let ft. G N be the level of (^^.i r and denote by tt and C*'"' the projective representations 
of L'^°^g on H"" given by theorem 4.2.1, so that 

[^(X), 7r(r)] - niiX, Y]) + liBiX, Y) (4.3.6) 

[(MX), (MY)] = (MIX, y]) + ihB{X, Y) (4.3.7) 

= tt(C-^XC} + iF{X) for some F{X) G M since C*7r(expiG(X)) = 
g7r(c-ixc) in pu{n). It follows, by ( |3. 1.141 ) that 

[iT{C^XC),ir{Q-'YC)] 



Evidently, C,^tt{X) 
7r(expiG(riXC)) = 

[(:Mx),QMy)] 



TliC' [X. Y]0 + imic'xc, c^YQ 

C*7r([X, Y]) - iF{[X, Y]) + itB{X, Y) + il 



{tC\[X.Y]) 



de 

(4.3.8) 



Since hB a nd iB lie in the same cohomology clas s iff h — we find by equating the above 
with ( [4.3.71 ) that the level of C*7r is I. Moreover, (|4.3.4D holds since [Lp°'0, LP°'g] = L^°'q O 



Theorem 4.3.3. Let {n,TC) be an irreducible positive energy representation of LG of level i 
and highest weight A and C, G LzG. Then, the conjugated representation (^,^77(7) — 7r(^~^7C) 
on Ti is of positive energy, level £ and highest weight CA where the notation refers to the 
geometric action of Z{G) = Lz{g)G/ LG on the level I alcove defined by proposition ^.1.4- 



Proof. It suffices to prove the result for a given choice of representatives of LG-cosets in 
LzG. Let z G •^\{1} correspond to the special root aj by lemma ^.3| and consider the 
discontinuous loop C — Cx'^Wj where A^ is the associated fundamental coweight and Wj G G 

^ . . . I TJ 

a representative of the Weyl group element corresponding to z by proposition 4.1. 4 Since 
G commutes Rot(S'^), the subspace of finite energy vectors of tt coincides with that of wj^n 
and, by the previous proposition, with that of C*7r. We may therefore compare the infinites- 
imal actions of corresponding to tt and C*7r on H^'". 



If a is a root and Xa G g^, then [Aj,a;a] = (X)-,a)xa- Since Ca^(^) = expy(— iA 



this 



gives 



Ca"v^«NCav(0) = ® e'''(»+<^-"» = x„(n+ (AV «))(0) 



Therefore, up to a non-zero multiplicative constant 

C*7r(e„(n)) ^ 7r(e^-i^(n + (Aj, a))) 



(4.3.9) 



(4.3.10) 



since no additional term arises from ( 4.3.4 ) because CC ^ — ^^^^ ^ which is orthog- 

onal to Qa- If, on the other hand h G tc, then (^^h{n)( = wj^h{n) and ( 4.3.4 ) reads 

CMHn)) = n{wj^h{n)) + £(5„,o(/i, Aj) (4.3.11) 

Let G Ti''" be the highest weight vector for (^^n. We claim that, up to a scalar factor, 
n = T, the highest weight vector for tt. To see this, recall that is the unique element 
of Ti"" annihilated by the subalgebra g> spanned by the x{n), x G and n > and the 
Xa{0) with a > 0. g> is generated by the elements corresponding the simple affinc roots. 
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namely 60.^(0) and 600(1) where ao = —9. Recalling from proposition 4.1.2 that Wj acts 
as a permutation of A = {aoj ■ • • j Q!„} and maps Uj to ao, we get, using (4.3.10) 

7i'(eao(l)) if fc = j 
C*7r(e„„(l))=7r(e„-i^^(0)) (4.3.13) 

whence = T. To find the weight of Q. and therefore the highest weight of ^*7r, we use 



(4.3.12) 



(4.3.14) 



(4.3.11) and the fact that 7r(ft,(0))T = {\,h)T whenever /i S tc so that 
C,TT{h{0))n = {h, Wj\ + = {h, c.x)n 

O 

The proof of the above theorem has the following useful 

Corollary 4.3.4. Let z € Z{G)\{1} and AJ S and wj G G the fund ame ntal coweight 
and representative of the Weyl group element corresponding to z by lemma 2 
tion l.l.i respectively. Then, conjugation by C, 
preserving its triangular decomposition. 

4.4. Appendix : explicit action of Z(G) on the level t alcove 



and proposi- 
Cay Wj induces an automorphism of L^°^q^ 



We describe expl icitly the action of Z{G) given by proposition [4.1.4| for all classical groups, 
using the tables |Bot:, Tables I-IV]. For each special root a^, we denote the corresponding 
element of Wq <Z W hy Wi and note that the fundamental coweight and weight \i coincide 
since ai is long. We let moreover 0^ , i = 1 . . . n be the standard basis in K" and / the lattice 
®j Oi ■ Z. Unless otherwise stated, the basic inner product is the standard one on M". 



SUn, n > 2 

simple roots : ai = Oi — i = 1 . . . ?i — 1. 
highest root : 9 ^ 9i — On = a.i + ■ ■ ■ + an-i- 
minimal dominant coweights : — 9i + ■ ■ ■ -\- 9i - 
Weyl group : 6„ acting by permutation of the 9i. 
Wo : Wk is the cyclic permutation {Oi - ■ ■ 9n)^ = 
level £ alcove : Ag = {^i e I\ ni > ■ ■ ■ > Hn, Mi ~ H-n ^ ^// vz^j ) 
action of the centre : Ak{^il,■ . ■ , ^J,n) = (^ + Mn+i-fe; • • ■ ,^ + 



i^y.ei,i = \. 



(ao ■ • •a„-i)''. 



Spin2„+i, n > 2 

simple roots : a; = 
highest root : 9 = 



1 . . . n 

2(^2 + 



1 and ar. 
■ ■ + an)- 



minimal dominant coweight : \\ = 9i. 

Weyl group : 6„ k Z2 acts by permutations and sign changes of the 
Wq : wi is the sign change 9i —9i permuting ao and ai. 



level £ alcove : Ae — {fJ. ^ I + ^ 
action of the centre : Ai{pi,fj,2, 



9„)Z| Ml 



> 



,Mn) = Ml,M2, . 



> Mn > 0, Ml + M2 < (}■ 
■ ,Mn)- 



Spn, n > 2 

simple roots : at — 9i — ^i+i, i = 1 . . . rt — 1 and a„ = 29n- 
highest root : 9 = 29i — 2(ai + ■ • • + a„_i) + a„. 
basic inner product : half the standard one on R". 
minimal dominant coweight : = 9i + ■ ■ ■ + 9n. 

Weyl group : S„ k Z2 acts by permutations and sign changes of the 9i. 

Wq : Wn is the transformation 9i —9n+i-i. 

level £ alcove : Ai = & I\£> ■ ■ ■ > iin>^}- 

action of the centre : A„(/ii, • ■ • , Mn) — ~ Mm • ■ • j ^ ~ Mi)- 
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Spin2n, n > 3 

simple roots : a; = Oi — ^i+i, i = 1 . . . n — 1 and a„ = On-i + ^n- 
highest root : 9 = 6i+ 62 ^ ai + 2{a2 H h a„-2) + a„_i + «„. 

minimal dominant coweights : Ai = 6*1, A„_i — 5(6*1 + • ■ ■ + dn-i — dji), A„ = ^(6*1 + ■ • • + ^n)- 
Weyl group : 6„ ix Zj"^ acts by permutations and even numbers of sign changes of the 9i. 
Wq : Wi is the sign change 9i —Oi, dn ^ ^(^n and permutes {Q;o,ai} and {Q;„_i,a„}. 
For n even, is given by 9^ Sn+i-ii 2 < i < n — 1 and 9i <-> 0„ and permutes 

{ao, an-i} and {Q;i,a„} while w„ is given by 9i —On+i-i and permutes {ak,an-k}- For 
n odd, Wn-i is given by 0i — > 0„ and 0^ — > —9n+i-i, i — 2 . . .n and acts as the cyclic 
permutation (ai a„ ao a„_i) while w„ is given by 9i —9n+i-i, i = 1 . . .n — 1 and 

On Si and acts as (ai a„ ao a„_i) ^. 

level £ alcove : A = {m e -/^ + 5(6*1 + • • • + 6'n)Z| /ii > • • ■ > Ai„_i > Mi + M2 < 
action of the centre : 

Ai{ni,... ,/i„) {£- ni,^i2,-- - ,^J,„-l,-^J.n)■ (4-4.1) 

I + Ml) n even 

A„_i(/xi,... ,/!„)=<( ' ^ „ / , (4-4.2) 

n odd 

n even 

(I + Mn, 5 - Mn-1, ■ • ■ , I - Ml) odd 




5. The Mackey obstruction corresponding to LG c LzG 

We determine below the central extensions of LzG corresponding to positive energy rep- 
resentations which remain irreducible when restricted to LG. More precisely, let H. be an 
irreducible, level i positive energy representation of LG the isomorphism class of which is 
invariant under LzG. Ji gives rise to a projective action tt of LzG extending that of LG 
and therefore by pull-back of 

^\j{rC) ^ pviJi) ^\ (5.1) 

to a central extension LzG of LzG. Since the restriction of LzG to LG is smooth and of 
level I |TL| , chap. II, §2.4], LzG is smooth and therefore falls within the classification of 
section |3l In particular, it is uniquely determined by its commutator map 

uj{\ m) = ^(CA)7r(CM)^(CA)*^(CM)* (5.2) 

which satisfies 

o.(a,/.) = (-l)^<"^'^> (5.3) 

whenever a S C A^. This binds uj uniquely if Z is cyclic, for if A G A^ is a generator 
of Z ^ A^A^, then w(a + aA,/3 + h\) = (_i)«((",/3>+(A,a/3+6a)) foj. ^ny a,/3 e A^. We 
therefore only need to investigate the case of GjZ = Spin4„ /Z2 x Z2, n > 2. The main 
result of this section is that in this case £ is even and lu = 1. 



We begin by computing a number of commutators related to (|j) . Recall that the roots of 
Spin4„ are the vectors ±6*; ± 9j, 1 < i j < 2n, where {9i} is the canonical basis of R^". 
The simple roots are ai = 9i — ^i+i, i = 1 . . .2n — 1 and a2n = ^2n-i + ^2n and the highest 
root is 9 ^ 9i + 92 — ai + 2(a2 + ■ ■ • + a2n-2) + Q;2n-i + a2n so that the minimal dominant 

coweights are A^" = 6*1, A^„_i = ^{9i H h 6'2n-i - 6'2n) and A^„ = i(6ii + • • • + 6'2„). Fix, 

for any positive root a, a basis ea,fa,ha = a^ of the corresponding sl2(C)-subalgebra of 
S04n,c such that e* = fa where * is the canonical anti-linear anti-involution acting as -1 on 
S04„. Then, 
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Lemma 5.1. Let Wj be the Weyl group elements corresponding to the minimal dominant 
coweights AJ. j G {1, 2n — 1, 2n} by proposition ^.l.^. Then, the following elements may be 
taken as representatives of Wj in Spin4„ 



cxPspin4„ (|(eei+e2„ - /ei+e2„)) expspi„^^ (^(eei-e2„ - /9i-92„)) (5-4) 

71 



n 

tf2n = II°^Pspin4„ (■^(eei+e2„-,+i - /ei+e2„-,+i)) 



(5.5) 
(5.6) 



Moreover, the group commutators [fDj,fDfc] = ttijttifctTi^ ^'^fc^ '^^^ '^^^ egua^ to one. 
Proof. It is readily seen that the vuj may be expressed as 

n n 
i=2 1=1 

where (Tc is the orthogonal reflection corresponding to the root a and acts on tc 

O'aih) ^ h ~ {h, a)a^ 

Each ctq may be lifted in Spin4„ to Sq — expgpj^ (f (ea — fa))- Indeed, a power series 
expa nsion shows t hat A djSq) leaves tc invariant and coincides with the right hand-side of 



as 



(5.7) 



(5.8) 



(|5.8| ). Thus, (|5.4|)-(|5.6[) hold. The last claim is a consequence of the fact that the lifts of Wj 
and Wk only involve roots aj^, j3k^ such that aj^ ± is either zero or not a root. Thus, 

[ea,p - fa,^ , ep^^ - //3,J = and s„^.^ and S/j,, commute O 

Lemma 5.2. Let (7r,?i) 6e an irreducible positive energy representation of LS]Ati^^ the 
isomorphism class of which is invariant under LZ2XZ2 Spin4„ and denote by the same symbol 
its unique extension to the latter group. Then, if VOj are as in lemma 5.1 and Cj{0) = 
expT{—iOXj) are the discontinuous loops corresponding to the minimal dominant coweights 
AY 



7r(CjlTij)7r(CfelTifc)7r(Cjn3j)*7r(C/clffc)* 



1 



(5.9) 



Proof. Let A^ be the minimal dominant coweight with corresponding Weyl group element 
Wi such that WjWk = wt. By ( [4.1.7D , "" ■'^^ - '^^ 



w,\X = A) 



AJ so that 



and similarly 
Thus, 



(5.10) 
(5.11) 
(5.12) 



which, by lemma 5.1, equals 1. It follows that the group commutator [Tr{Qnij),Tr{(knik)] 
acts as a scalar x on H. To evaluate x, recall that by corollary 4.3.4, conjugation by Cj^j 
and CfcfDfe induces an automorphism of Lp°'so4„ preserving its triangular decomposition so 
that the unitaries 7r(Cjrt>j), T^iCk^k) leave the highest weight vector in Ti invariant and x = 1 
O 

Theorem 5.3. Let tt be an irreducible positive energy representation of LSpin^^ the iso- 
morphism class of which is invariant under Lz2xZ2^W^4n "-''^^ extend it uniquely to a 
projective representation of the latter group. Then, the corresponding central extension of 
L12XI2 Spin4„ has even level and trivial commutator map. 
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Proof. As readily checked from equation ( 4.4.3 ), the geometric action of Z(Spin4„) on the 
level € alcove has fixed points only if ^ is even. Thus from (5.3), we get Lo{a, ii) — 1 whenever 
a € and u) is the pull-back of one of the two skew-symmetric forms on A^ / A)^ = Z2 x Z2 
so that w = 1 iff (^(AJ, A^) = 1 for a pair of distinct minimal dominant coweights AJ, A^. 

By lemma and the fact that tt lifts to a unitary representation of Spin4„ 



(5.13) 



By ( p^ ), [Cfc \ n>,] = Cu- ^CtCj ^ so that [7r(Cfc)*, 7r(n3j)] is proportional to 7r(Cfc)*7r(C»)7r(Ci)_* . 
Simil arly, by ( ^.11 ), [7r(rDfc), 7r(Cj)*] is proportional to TT{(k)'^{Ci)*T^{Cj) so that, by (^ 
( 5.13 ) is equal to 



and, by lemma 5.2, 



c.(Aj,Ar)[7r(a-)*,7r(m,)]k("'fe),40)1 



LoiXyXl) = [7r(0)*,^(ft>fc)][^(tr,),7r(a)' 



(5.14) 
(5.15) 



We shall now show that the right hand-side of ( 5.15| ) is equal to one 



Set j = 1 and k = 2n so that the corresponding coweights are A^ = 9i and X^n = 5(^*1 + 
• • • + ^'ji)- As previously noted, if xp G S04„_c is a root vector corresponding to /3 and 
(\{9) = exp2-(— i^A), then 



and therefore 



C\ ^Xfi{n)(x = xp{n + (A,/3)) 

n 



(5.16) 



(5.17) 



exPiSpin^,, (-|(eei+e2„(l) - /0i+fl2„ (-1))) 



(5.18) 



Denoting by p the infinitesimal action of _Lp°'s04„^c on W'" corresponding to tt via theorem 
4.2.1, we therefore get by proposition 4.3.2 



[■^iCi)*,'^i^2n)] = exp (^p(eei+e2„(l) - /ei+e2„ (-1))) cxp (-|p(e0i+e2„ - /ei+e2j) 

(5.19) 

[7r(ftii),7r(C2„)] = exp (J^p{ee,+d2„ - /ei+02„)) exp (^-'^p{ee,+92„W - /ei+e2„ (-1))) 

(5.20) 



where the exponentials are given by the spectral theorem. Thus, 

[7r(Ci)*,7r(m2„)]k(tt5i),7r(C2„)] = 1 

as claimed O 



(5.21) 
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6. Positive energy representations of LzG 

Let k be the order of the largest cycHc subgroup of Z and consider the action of the uni- 
versal /c-coverings of Diff_|_(5"'^) and Rot(S'^) on LzG by reparametrisation, as in §3.4. We 
denote these coverings by Diff^(5'"'^) and Rot''(S'^) respectively. Define a positive energy 
representation of L^G to be a strongly continuous homomorphism 

7::LzG — > PU{H) (6.1) 

extending to LzG ys Rot'^(S'^) in such a way that Rot '" (5^) acts by non-negative characters 
only and with finite-dimensional eigenspaces. 

Theorem 6.1. An irreducible positive energy representation (7r,7i) of LzG yields by re- 
striction 

(i) A positive energy representation of LG of level 

ieif-N (6.2) 

where £f G {1,2} is the fundamental level ofG/Z. 

(ii) A projective representation o/ — Hom(T,T/Z) , the commutator map of which, 
defined by uj{X,n) = 7r(CA)7r(C^07r(CA)*7r(C^)% satisfies 

cu{a,ti) = {-lY<^^'^^ (6.3) 

whenever a lies in the coroot lattice A"^ = Honi(T, T) . 
As an LG-module, 

^ = ® (6.4) 

where A lies in the level £ alcove of G, ZX is its orbit under the action of Z C_ Z{G) defined 
by proposition 4-1-4 <^i^d Ti^ is the irreducible level I positive energy representation of LG 
with highest weight fi. Moreover, m\ = 1 unless G/Z = PS04„, ZX = {X}, I is even 
and to is the pull-back of the non-trivial, skew-symmetric form on Z Z2 x Z2, in which 
case m\ — 2. The triple {i,LU,ZX) classifies TL uniquely and for any {£,lu,ZX) satisfying 
(6.2) and ( |6.3| ), there exists an irreducible positive energy representation of LzG realising it. 
Lastly, the action o/Rot (5^) on Ti extends uniquely to a projective unitary representation 
p o/Diff^(S'^) satisfying 

p{4>)^{C)p{4>r ^^{Co<t^-^) (6.5) 

which coincides with the Segal-Sugawara representation obtained by regarding Ti as a positive 
energy representation of LG. 

Proof. We shall repeatedly, and without further mention, use the following fact. Let Y (1 Z 
be a subgroup and {p, K.) a positive energy representation of LyG. p lifts to a unitary 
representation of the continuous central extension p*U{lC) of LyG obtained by pulling back 

1 ^ T ^ C/(/C) ^ PU{K:) 1 (6.6) 

to LzG. Explicitly, 

p*U{IC) = {(C, V) e LyG X U{ICMC) = p{V)} (6.7) 

acts on JC by (C, V)(, — V^. Let h be the level of /C as a positive ener gy r epresentation of 
LG. Then, the restriction of p*U{IC) to LG is smooth and of level h [PL, §n.2.4] so that 
p*U{K,) is a smooth central extension of LyG and therefore falls within the classification of 
section ^ Set now Y ^ Z , p — n and K, = Ti. Then, the level I and commutator map to of 
TT*U{Ti,), which is readily seen to be 

^(A,M)=^(CA)vr(C^)^(CA)*^(Cp)* (6.8) 
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are bound by theorem 3.2.1 and therefore satisfy ( |6.2| )-( |6.3[ ). 

As an LG yi Rot'^(S'^) -module, TL decomposes as 

W-0^(m) (6.9) 

where /i spans the level £ alcove At of G and is the iso typical summand of TL corre- 

sponding to the irreducible, level I positive energy representation TL^ of LG with highest 
weight /i. Evidently, for any C, G LzG, Tr{()H{fi) = TL{C,ii) where the notation refers to 
the abstract action oi Z = LzG/LG on Ae given by propositions 4.3.1 and |4.3.2 which. 



irreducible, (6.9) reduces to 



by theorem 4.3.2, coincides with the geometric one given by proposition 4.1.4. Since Ti is 



w = n^i) (6.10) 

for some X ^ Ae and the triple (£, lu, ZX) is an invariant of Ti.. 

To proceed, it will be more convenient to consider unitary representations rather than projec- 
tive ones. For any subgroup Y C Z and central extension LyG of LyG with level h and com- 
mutator map K, there is a bijective correspondence between positive energy representations 
of LyG corresponding to the pair {h, n) and unitary representations of LyG xi Rot'^(S'^) such 
that Rot''(S'i) acts by non-negative characters only and with finite-dimensional eigenspaces 
and the central subgroup T C LyG acts as multiplication by the character z ^ z, provided 
that representations differing by a character of LyG are identified ^ We call these positive 
energy representations of LyG and will work with them from now on. 



Fix now t,uj satisfying (|6.2|)-(|6.3|) and denote by LzG the central extension of LzG with 



level £ and commutator map w, the existence of which is guaranteed by proposition 3.3.1 
Recall moreover that by proposition 3.4.1 , the action of Diff^i.(S'^) on LzG lifts to LzG 



For a given orbit ZX C Ae with isotropy subgroup Y <Z Z , denote by LyG and LG the 
restrictions of LzG to LyG and LG respectively. Then, by Mackey's theory | Ma2| , thm 



3.11], and in view of the fact that positive energy representations of LG are invariant under 
conjugation by LzG, the map 

^■.1C^ ind^^'^'y"^ IC (6.11) 

LyG XI Rot'' (SI) ^ ' 

gives a bijection between the irreducible positive energy representations (p, IC) of LyG the 
restriction to LG of which is isotypical of type Hx, and the irreducible positive energy rep- 
resentations of LzG with highest weight orbit ZX 0. Moreover, since any character x of ^ 
extends to Z and ind(A^(8)x) = ind(/C)(8)Xj ^ ^^id IC' differ by a character iff i{IC) and i{IC') do. 

Notice also that z(/C) admits an intertwining action of Diff'ji(S'^) if /C does. Indeed, let R be 
a projective representation of Diff^(S'^) on IC satisfying 

R{(b)p{ORW* =piCocb-') (6.12) 



^Since LG is perfect | ]PS| , prop. 3.4.1], such characters factor through the group of components Y of 
LyG. 

^The induction functor is well-defined in the present context since LyG XI Rot'°(5'^) C LzG XI Rot'^(5'^) 
is of finite index, and satisfies the usual properties of its finite-dimensional counterpart which are necessary 
to prove Mackey's theorem. Moreover, an elementary application of the induction— restriction theorem shows 
that T C LzG acts by the required character on i{K). 
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for any ^ e LyG, and lift it to a unitary representation of the corresponding central extension 
Diff^(5'i) = R*U{IC) of Diff^(S'i). Then, by induction-restriction, 

^{IC) = mc&'^^^'y^ K - ind55"°'§f ^ (6.13) 

LyGxiRot''(Si) L5,GxiDiff^(Si) 

as izG ><J Rot'^(S'^)-modules, and i(/C) admits an intertwining action of Diff^(S'^). 



The relevant representations of LyG are obtained in the following way |Ma2, §3.10]. Extend 
the unitary action tta of LG xi Rot'^(S'^) on Hx to a projective one of LyG x Rot'"'(5^) 
satisfying, and uniquely determined by 

^A(C)^A(7)7rA(C)* -^A(C7r') (6.14) 

for any C, £ LyG and 7 G LG. The corresponding central extension ■k\U{'H\) of LyG 
determines one of Y by 

r = ^JC/(HA)/(7,^A(7))^elG (6-15) 

Any irreducible unitary representation p oi Y such that its central subgroup T acts by 
z — i- z^^ yields one of TT*^U{Ti,\), namely tt\ (g) p, where T acts trivially, and therefore one 
of L^G = tt'^{U{H\))/T and the representations of LyG in question are exactly of this form. 

Moreover, they admit an intertwining action of Diff'^(5^). Indeed, if R is the Segal-Sugawara 



representation of Diff+(5'^) on Hx intertwining LG |PS, prop. 13.4.2], then, for any ( e LyG 
and (t> e Diff^(5i) 

R{cj))TTx{c)R{^r = ^a(c ° r ') (6.16) 

projectively, since both sides have the same commutation relations with LG. Thus, 

(i?(0) l)7rA p(C)(^(0) ® 1)* = C)^A ® p(C ° 0"') (6.17) 
for some k((/), C) G T which is multiplicative in each variable. Since Diff;;(S'i) is perfect 



|He, Ep], K = 1 and nx® p admits an intertwining action of Diff_j^(5^). 



To determine F, notice that the projective unitaries ^K\{C)^ C G LyG defined by ( |6.14 ) only 



depend on the image of C in LyG and therefore give rise to a central extension of LyG. 
Since this extension has level ^, it differs from LyG by the pull-back of an extension of Y 
which is readily seen to be Y . We must now distinguish two cases. If Y splits, which is so if 



Y is cyclic or, by theorem 5.3, if y = Z = Z(Spin4„) and a; = 1, the relevant representations 
of Y correspond to the characters x of 1" and the irreducible, positive energy representations 
of LzG with highest weight orbit ZX are of the form 

md — - , \ , (tta ® Y 6.18) 

so that their restriction to LG only involves isotypical summands of multiplicity one. If, 
on the other hand, Y doesn't split, then Y = Z = Z(Spin4„) ~ Z2 x Z2, d is even and w 
is the pull-back of the non-trivial, skew-symmetric form on Y . In this case, the relevant 
representation is the Heisenberg representation of K on /C = and there exists a unique 
irreducible, positive energy representation of LzG with highest weight orbit Z\ — {A} the 
restriction to LG of which is isomorphic to TL\ ® €? . 

This completes the classification of irreducible positive energy representations of LzG and 
shows that any such (tt, H) admits an intertwining action p of 015^(5*^). Let now po be the 
Segal-Sugawara representation of Diff™(S'^) on TL, where m is some positive integer which 
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we may take to be a multiple of k ^. To see that p coincides with po, notice that for any 
(j) e Diff'"(S'^), the operator p(0)po (</')* commutes with LG. Thus, if 

H= ® C"^ (6.19) 

is the decomposition of H as an LG-module, then poC*/*) = ®^ PoW 1 where Pq (0) gives 
the Segal-Sugawara representation of Diff4.(S'-'^) on and therefore 

pW^^P^W^T^W (6.20) 

for some unitary operators ((/)). Since both p and the Pq are projective representations of 
Diff™(S'^), the same is true of the which are therefore trivial since Diff™(S'^) admits no 



finite-dimensional projective representations |PS, prop. 3.3.2] O 



7. Positive energy representations of L{G/Z) 

We now determine those positive energy representations of LzG which factor through 
L{G/Z) = LzG/Z. 

Lemma 7.1. Let (7r,7i) be an irreducible positive energy representation of LG with highest 
weight X and consider its unique lift to a unitary representation of G. Then, Z{G) acts on 
Ti. as multiplication by the character xiG^Pri^)) — e^^'''^. 

Proof. For any z G Z{G) and 7 G LG we have 7r(7)7r(z)7r(7)*7r(z)* = ^(7, z) where 
•) G T is independent of the particular choice of lifts, k is continuous and multiplicative 
in both variables and therefore defines a continuous map LG — s- Z{G) which, by connected- 
ness of LG, is trivial. Thus, by Shur's lemma, Z(G) as multiplication by a character which is 
easily computed since if G W is the highest weight vector in TL, then 7r(expj.(/i))ri = e^^'''^ 
O 

Let now Z = A^/A)^ be a subgroup of Z{G). By using the basic inner product (•, •) on it, 
the dual group Z may be identified with Avi//(A^)* where Aj^ C (A^)* C Kw is the dual 
lattice of A^. 

Lemma 7.2. Let Ti. be an irreducible positive energy representation of LzG of level £ and 
highest weight orbit ZX. Then, the characters of Z d LzG corresponding to Ti. are the 
classes of X + iX^ mod (A^)* where are the minimal dominant coweights corresponding 
to Z. 

Proof. When restricted to LG, TL decomposes as a direct sum of positive energy representa- 



tions of LG the highest weights of which lie on the orbit ZX. By lemma 7.1 and proposition 



4.1.4, these give rise to the characters tX^ + WiX mod (A^)* of Z where are the minimal 



dominant coweights corresponding to Z. Since W preserves Kr, and a fortiori (A^)*-cosets 

^z) 



in Kw however, we get ^A^ -I- WiX = ^A^ + A mod (A^)* O 



Corollary 7.3. An irreducible positive energy representation vr of LzG factors through 
L{G/Z) if, and only if its level is a a multiple of the basic level ib ofG/Z. 

Proof, tt factors through L{G/Z) iff Z acts by the same character on each of its irreducible 
LG-submodules. By definition, ^f, is the smallest integer I such that £{■, ■) is integral on A^ 
and therefore such that £A/ G (A^)* for any fundamental coweight A^ corresponding to Z 
O 



®The Segal-Sugara representation factors through Diff-|-(5'^) only on irreducible positive energy repre- 
sentations of LG and through a finite order covering of Diff+(5^) in general. 



28 



VALERIO TOLEDANO LAREDO 



References 

[Bou] N. Bourbaki, Groupes et Algebres de Lie, Chapitres 4,5 et 6. Masson, Paris 1981. 

[Ep] D. B. A. Epstein, Commutators of C°° -Diffeomorphisms. Appendix to "A Curious Remark Concern- 
ing the Geometric Transfer Map" by John Mather, Comment. Math. Helv. 59 (1984), 111-122. 

[FGKl] G. Felder, K. Gaw§dzki, A. Kupiainen, The Spectrum of Wess-Zumino-Witten Models, Nucl. Phys. 
B 299 (1988), 355-66. 

[FGK2] G. Fcldcr, K. Gawcdzki, A. Kupiainen, Spectra of Wess-Zumino-Witten Models with Arbitrary 

Simple Groups, Comm. Math. Phys. 117 (1988), 127-58. 
[Ga] M. R. Gabcrdicl, WZW Models of General Simple Groups, Nucl. Phys. B 460 (1996), 181-202. 
[GW] D. Gepner, E. Witten, String Theory on Group Manifolds, Nucl. Phys. B 278 (1986), 493-549. 
[GO] P. Goddard, D. Olive, The Magnetic Charges of Stable Self-Dual Monopoles, Nucl. Phys. B191 (1981), 

528-548. 303-414. 

[GoWa] R. Goodman, N. R. Wallach, Structure and Unitary Cocycle Representations of Loop Groups and 
the Group of Diffeomorphisms of the Circle, J. Reine Angew. Math. 347 (1984), 69-133. 

[He] M.-R. Herman, Simplicite du Croupe des Dijfeomorphismes de Classe C°°, Isotopes a I'Identite, du 
Tore de Dimension n, C. R. Acad. Sci. Paris, Scr. A, 273 (1971), 232-4. 

[Hu] J. E. Humphreys, Introduction to Lie Algebras and Representation Theory. Graduate Texts in Math- 
ematics, Springer- Verlag 1972. 

[Ka] V. Kac, Infinite Dimensional Lie Algebras, 3rd. edition, Cambridge University Press, 1994. 

[Mai] G. W. Mackey, Unitary Representations of Group Extensions I, Acta. Math. 99 (1958) 265—311. 

[Ma2] G. W. Mackey, The Theory of Unitary Group Representations. University of Chicago Press, 1976. 

[OT] D. Olive, N. Turok, The Symmetries of Dynkin Diagrams and the Reduction of Toda Field Equations, 
Nucl. Phys. B215 (1983), 470-94. 

[PS] A. Pressley, G. B. Segal, Loop Groups. Oxford University Press 1986. 

[Wa] A. J. Wasscrmann, Conformal Field Theory and Operator Algebras II : Fusion for Von Neumann 
Algebras and Loop groups, preprint. 

[TL] V. Toledano Laredo, Fusion of Positive Energy Representations of LSpinzn, Ph.D. dissertation. Uni- 
versity of Cambridge, 1997. 

[TL2] V. Toledano Laredo, Integrating Unitary Representations of Infinite- Dimensional Lie Groups. J. 
Funct. Anal. 161 (1999), 478-508. 

INSTITUT DE MATHEMATIQUES DE JUSSIEU, UMR 7586, CASE 191, UNIVERSITE PiERRE ET MARIE CURIE, 4, 

Place Jussieu, F-75252 Paris Cedex 05 
E-mail address: toledanoamath.jussieu.fr 



